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ABSTRACT
We discuss how Type Ia supernovae (SNe) strongly magnified by foreground galaxy clusters should be
self-consistently treated when used in samples fitted for the cosmological parameters. While the cluster lens
magnification of a SN can be well constrained from sets of multiple images of various background galaxies
with measured redshifts, its value is typically dependent on the fiducial set of cosmological parameters used to
construct the mass model. In such cases, one should not naively demagnify the observed SN luminosity by the
model magnification into the expected Hubble diagram, which would create a bias, but instead take into account
the cosmological parameters a priori chosen to construct the mass model. We quantify the effect and find that a
systematic error of typically a few percent, up to a few dozen percent per magnified SN may be propagated onto a
cosmological parameter fit unless the cosmology assumed for the mass model is taken into account (the bias can be
even larger if the SN is lying very near the critical curves). We also simulate how such a bias propagates onto the
cosmological parameter fit using the Union2.1 sample supplemented with strongly magnified SNe. The resulting
bias on the deduced cosmological parameters is generally at the few percent level, if only few biased SNe are
included, and increases with the number of lensed SNe and their redshift. Samples containing magnified Type Ia
SNe, e.g., from ongoing cluster surveys, should readily account for this possible bias.
Key words: galaxies: high-redshift – gravitational lensing: strong – gravitational lensing: weak –
supernovae: general
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1. INTRODUCTION
A Type Ia supernova (SN) is an extremely luminous explosion
of a star, typically a white dwarf in a binary system. Although
there is still a debate regarding its exact progenitor mechanism
(e.g., Maoz & Mannucci 2012), an important property of a
Type Ia SN is that its absolute peak luminosity is well known to
a very good approximation (up to the Hubble constant, MB ≈
−19.5 mag; see Riess et al. 1998; Hillebrandt & Niemeyer 2000
and references therein), thereby constituting a standardizable
candle (e.g., taking into account the luminosity–decline-rate
relation). In fact, it is due to this quality that we have learned a
great amount about the expansion of the universe, particularly
by comparing the standardized luminosities of many Type Ia
SNe in different redshifts (e.g., Riess et al. 1998; Perlmutter
et al. 1999).
Clusters of galaxies act as strong gravitational lenses, distort-
ing and magnifying background objects. When the surface mass
density in the center of the cluster is high enough (higher than the
critical density required for strong lensing (SL), e.g., Narayan
& Bartelmann 1996), multiple images of the same background
source are often formed. Correspondingly, sets of multiple im-
ages in different redshifts are used to constrain the underly-
ing mass distribution and profile of the cluster’s core (e.g.,
Broadhurst et al. 2005; Smith et al. 2005; Limousin et al. 2008;
Richard et al. 2010b; Newman et al. 2013; Zitrin et al. 2013a,
2013b), dominated by unseen dark matter (DM). Farther away
from the center, where the surface density is lower, the gravita-
tional potential of the cluster distorts and magnifies background
objects (without forming multiple images of the lensed sources),
5 Hubble Fellow.
and this weaker lensing effect can be used statistically to con-
strain the larger-scale mass distribution and profile of the cluster
(e.g., Merten et al. 2009; Umetsu et al. 2010; Oguri et al. 2012;
Newman et al. 2013). Lensing thus provides a unique way to
map the DM in these massive objects.
Aside from mapping the unseen DM, lensing, and especially
magnification by galaxy clusters, has become of great interest
because it enables the observation of faint, very distant galaxies
that would otherwise be below the detection threshold. Recent
observations have made use of this magnification power to
detect several compelling galaxy candidates at redshifts up to
z ∼ 10–11 (Coe et al. 2013; Zheng et al. 2012; Bouwens
et al. 2012; Bradley et al. 2013) and more are anticipated in
the Frontier Fields program with the Hubble Space Telescope
(HST).6
SNe that happen to explode in galaxies behind galaxy clusters
will therefore be magnified. In general, they are expected to
appear with the same number density (or rate; see Goobar et al.
2009; Barbary et al. 2012 and references therein) as in the field
of similar redshift, divided by the magnification factor which
narrows the effective source-plane area, but are supplemented
by fainter or more distant SNe (for a general discussion of the
magnification bias, see Broadhurst et al. 1995; Mashian & Loeb
2013), thus allowing for the detection of SNe at higher redshifts
(e.g., Benı´tez et al. 2002; Amanullah et al. 2011; Barbary et al.
2012; Pan & Loeb 2013; Whalen et al. 2013). As the current
cosmological parameters are derived from a Hubble diagram of
SNe up to z ∼ 2, measurements of higher-redshift Type Ia SNe
should tighten the constraints on the cosmological parameters.
6 http://www.stsci.edu/hst/campaigns/frontier-fields/
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Following Refsdal (1964), many other works and dedicated
surveys (e.g., Kolatt & Bartelmann 1998; Holz 2001; Goobar
et al. 2002, 2009; Oguri et al. 2003; Oguri & Kawano 2003;
Dawson et al. 2009; Suzuki et al. 2012; Riehm et al. 2011;
Quimby et al. 2014; and references therein) have dealt with
the possibility of observing a multiply imaged SN, and the
possibility of making use of measured time delays between
the different multiple images to recover the Hubble constant or
other cosmological parameters. This is particularly appropriate
for galaxy-scale lenses, where the time delay is observationally
reasonable. In fact, time delays have been used in several
studies to constrain the Hubble constant, typically making use
of quasars that are multiply imaged by field galaxies (e.g.,
Suyu et al. 2010, 2013, see also Oguri 2007; Treu et al. 2013
and references therein). Some of the works mentioned above
have also referred to or uncovered a single image (i.e., not
multiply lensed) of a SN magnified by a cluster, but only in
the context of adding a constraint to the mass model through a
local independent estimate of the magnification in the case of a
Type Ia SN (e.g., Riehm et al. 2011; Nordin et al. 2014), or vice
versa, using the magnification from the lens model to recover
the demagnified luminosity of the SN (a priori assuming a set of
cosmological parameters, e.g., Patel et al. 2014; see also Suzuki
et al. 2012; Amanullah et al. 2011).
If highly magnified SNe were then to be used as part of
samples fitted for the cosmological parameters, one should not
naively demagnify the lensed SN luminosity by the magnifica-
tion factor given by the mass model, but should instead take into
account the cosmological parameters that were used to construct
it. The idea is quite simple in essence: one usually makes use of
the fact that the mass-sheet and profile degeneracies are already
effectively broken by various sets of multiple images typically
uncovered in, e.g., deep HST observations of cluster fields (e.g.,
Broadhurst et al. 2005; Smith et al. 2005; Limousin et al. 2010;
Richard et al. 2010a; Zitrin et al. 2012, as a few examples; see
also references therein), to construct a magnification map, deter-
mining the magnification of background objects such as lensed
SNe in our case (e.g., Amanullah et al. 2011). However, since
there is a degeneracy between the cosmological parameters and
the resulting mass-model profile, which is typically left free to
be fit by the data, this magnification is dependent on the cosmo-
logical parameters initially used to constrain the mass model. In
such cases, to avoid circularity, one could use a simple analytic
correction such as the one we propose here as one example,
simultaneously while fitting for the cosmological parameters,
in order to disentangle the magnification value from the pre-
assumed cosmology. Alternatively, one could simply take into
account the possible systematic uncertainty induced by ignoring
this effect, an uncertainty which we make an effort to quantify.
Because the resulting mass profile is dependent on the
assumed cosmological parameters, several works (e.g., Jullo
et al. 2010; Lefor & Futamase 2013) have shown that parametric
SL or mass modeling techniques can be quite sensitive to the
lensing distance of multiply imaged sources, thus allowing one
to actually constrain the cosmological parameters. On the other
hand, other works have shown that this dependence is rather
weak (e.g., Zieser & Bartelmann 2012), and more recent works
have claimed to break or bypass the degeneracy between the
profile and cosmological parameters, constraining them in a
free-form modeling with minor assumptions about the mass
profile shape; see Lubini et al. (2014) and Sereno & Paraficz
(2014). On a different front, Jo¨nsson et al. (2010), for example,
exploited a large sample of Type Ia SNe magnified by foreground
galaxies to place constraints on the halos of the lensing galaxies,
while fixing the cosmology and the mass profile shape (see
also Karpenka et al. 2013). Here, given recent and ongoing
cluster surveys designed to detect strongly magnified (and
not necessarily multiply imaged) SNe, which, due to their
magnification are also likely to expand the known Type Ia
SNe redshift range (see also Benı´tez et al. 2002; Amanullah
et al. 2011; Salzano et al. 2013), we highlight, as mentioned,
how these strongly magnified SNe should be properly treated
when eventually used in samples fitted for the cosmological
parameters (for example, some SNe more weakly magnified by
galaxy clusters were used for that purpose as part of the Union2.1
sample; see Suzuki et al. 2012), so that no bias is propagated
from the cosmology assumed a priori when constructing the lens
model.
Many works have shown that a similar magnification or
cosmology correction is also needed statistically when treating
large samples of weakly magnified field SNe (e.g., Linder et al.
1988; Wambsganss et al. 1997; Holz & Wald 1998; Schmidt
et al. 1998; Bergstro¨m et al. 2000; Holz & Linder 2005; Sasaki
1987; Martel & Premadi 2008; Amendola et al. 2013; Marra
et al. 2013; Quartin et al. 2014), suggesting how one should
correct for the global magnification effect on the probability
density function in order to avoid a bias on the observed
SN distance–redshift relation and the inferred cosmological
parameters (see also Smith et al. 2014; Amanullah et al. 2003).
We aim to show that also small numbers of strongly magnified
Type Ia SNe can be useful as part of a sample fitted for
the cosmological parameters independently of the cosmology
assumed for the lens model (but still depending on the mass
model parameterization), especially since they are expected
to be observed to higher redshifts. To our knowledge, the
methodology presented here, although basic, has evaded any
discussion in previous works on this subject (but some works
have properly quoted the cosmological parameters used to
derive the magnification of lensed SNe, e.g., Benı´tez et al.
2002). For our purpose, for simplicity, and since galaxy clusters
are known to locally follow such mass profile forms (e.g.,
Navarro–Frenk–White Navarro et al. 1996; see also Broadhurst
et al. 2005; Zitrin et al. 2009; Umetsu et al. 2012), we shall
examine a simplified case by approximating the cluster mass
profile in the SL regime, which is the area of interest in this
work, with a power law. This could then be generalized in future
works.
This brief work is organized as follows. In Section 2 we show
the dependence of the fitted mass profile on the cosmological
parameters and present a simplified method for correcting
the cosmology-dependent magnification of Type Ia SNe. In
Section 3 we discuss the magnitude of the effect or bias in
question, both on individual SNe and when propagated onto
the Union2.1 sample supplemented with mock lensed SNe. We
conclude the work with a summary in Section 4.
2. METHODOLOGY
In the thin lens approximation, the reduced deflection angle
due to a given mass distribution at a position θ is given by:
α(θ ) = 4G
c2
dlsdl
ds
∫ (θ − θ ′)Σ(θ ′)
|θ − θ ′|2 d
2θ ′, (1)
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where dl, ds, and dls are the cosmology-dependent lens, source,
and lens-to-source angular diameter distances, respectively, and
Σ is the projected surface mass density distribution.
Equation (1) manifests the degeneracy between the lensing
distance dlsdl/ds , and hence, the cosmological parameters
and the mass distribution. Correspondingly, lens modeling in
complex systems such as galaxy clusters comprising various
sets of multiple images typically requires one to assume a set
of cosmological parameters, while leaving the mass-density
profile free to be fitted. The magnification estimate for positions
and background-source redshifts different from the lensing
observables used as constraints is thus cosmology-dependent.
Imagine a background SN is observed at an angular distance
θSN from the center of a (for simplicity, spherically symmetric
hereafter) massive cluster. We now show explicitly how the
mass profile and thus, the magnification, depend on the assumed
cosmology, a dependence which can in turn be used to self-
consistently rescale the magnification with the cosmological
parameters. In what follows, two Einstein radii and enclosed
masses (M(<θe,i) and M(<θe,j ), i = j ), are sufficient to show
the said dependence.
2.1. Example Lens: A Power Law
A surface density power-law profile can be written as Σ(r) =
Σ0(r/r0)−q , where r is the physical distance from the center,
and r0 is an arbitrary, normalization scale radius. The mass
enclosed within an angular distance θ is obtained by integration
of the latter density profile, while remembering that r = dlθ and
r0 = dlθ0, to obtain M(<θ ) = (2πΣ0(dlθ0)2/(2 − q))(θ/θ0)2−q .
The general deflection angle is given by:
α(θ ) = 4GM(<θ )
c2θ
dls
dsdl
, (2)
or, more explicitly, by inserting M(< θ ) from above:
α(θ ) = 8πGΣ0θ0(2 − q)c2
dldls
ds
(
θ
θ0
)1−q
. (3)
For a circularly symmetric lens, the dimensionless surface
mass density, shear, and magnification at each position θ are
generally given by, respectively:
κ(θ) = 12
(
α(θ )
θ
+
dα(θ )
dθ
)
, (4)
γ(θ) = 12
(
α(θ )
θ
− dα(θ )
dθ
)
, (5)
μ−1(θ) = (1 − κ)2 − γ 2, (6)
where, for a power-law surface density as above, the term
dα(θ )/dθ simply equals (1−q)α(θ )/θ . Plugging Equations (4)
and (5) into Equation (6), one obtains:
μ−1(θ) = 1 + (q − 2)
α(θ )
θ
+ (1 − q)
(
α(θ )
θ
)2
, (7)
and α(θ ) is given in Equation (3).
The Einstein radius for a given multiply imaged galaxy is
given (in the spherically symmetric case, for example) by:
θe =
(
4GM(<θe)
c2
dls
dsdl
)1/2
, (8)
where, more generally for a non-spherical case, the effective
Einstein radius can be defined as either the radius within which
〈κ〉 = 1, or preferably (e.g., Bartelmann 1995), simply as the
effective radius of the area enclosed within the critical curves
for the redshift of the multiply imaged galaxy. The Einstein radii
are in any case observables or are deduced directly from them
and thus, are independent of the assumed cosmology, while the
enclosed mass is cosmology-dependent.
Having two measurements of the enclosed mass at, e.g.,
M(< θe,i), and M(< θe,j ), say, from the lens model constructed
using various sets of multiple images and assuming a certain
cosmology, a power-law mass profile could be readily fitted by:
q = 2 −
log
(
M(<θe,i )
M(<θe,j )
)
log
(
θe,i
θe,j
) , (9)
and
Σ0 = 2 − q2π (dlθ0)2 M(<θe,i)
(
θe,i
θ0
)q−2
. (10)
2.2. Correcting for the Assumed Cosmology
Recall from Equation (8) that for a given Einstein radius θe,
the mass enclosed inside θe is linear in the term defined hereafter
as D = (dlds/dls), so that M(<θe) ∝ D, or explicitly:
M(<θe,i) =
θ2e,ic
2
4G
D(zi ), (11)
where zi is the redshift of the lensed source galaxy whose
Einstein angle is θe,i , and D depends on the respective lens
and lens-to-source distances.
The cosmological parameters affect the physical units of the
mass model through D via the angular diameter distances,
dA(za,zb) =
c/H0
1 + zb
∫ zb
za
dz
(
Ω(0)m · (1 + z)3 + ΩΛ(z)
)−1/2
, (12)
for a flat two-component universe as an example.
Therefore, the modified enclosed mass, M ′, meaning the mass
given a modified set of cosmological parameters embedded in
D′, is then given by
M(<θe,i)′ =
θ2e,ic
2
4G
D′(zi ), (13)
or
M(<θe,i)′ = M(<θe,i)
D′(zi )
D(zi )
, (14)
where M(<θe,i) is the Einstein mass of the ith system, with
the set of cosmological parameters used to constrain the mass
model.
Making use of the above, the modified power-law mass profile,
i.e., as if the mass model were constructed with any other given
set of cosmological parameters embedded in the term D′, can
be readily calculated as
q ′ = 2 −
log
⎛
⎝ M(<θe,i )
D′(zi )
D(zi )
M(<θe,j )
D′(zj )
D(zj )
⎞
⎠
log
(
θe,i
θe,j
) (15)
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Figure 1. Bias created on the estimated luminosity of a lensed SN if the cosmology assumed for the lens model differs from the true underlying cosmology as a
function of lens redshift for different input configurations. The different configurations are noted on each subfigure, such as the cosmologies used, the SN redshift
(zSN), and its distance from the center (θSN). The upper x-axis shows the ratio of the power-law exponent given the “modified” cosmology and the power-law exponent
given the “true” cosmology for each configuration. In all cases we assume a circularly symmetric lens with two Einstein rings observed at θe,1 = 10′′ and θe,2 = 20′′,
of sources at z1 = 1 and z2 = 2, respectively. As can be seen, assuming a cosmology for the lens modeling that is only ∼10% different from the “true” underlying
cosmology results in a minor <1% bias. However, more extreme differences between the assumed and probed cosmologies can yield significant systematic errors of
∼20% on the demagnified SN luminosity, decreasing with lens redshift.
(A color version of this figure is available in the online journal.)
and
Σ′0 =
2 − q ′
2π (dlθ0)2
M(<θe,i)
D′(zi )
D(zi )
(
θe,i
θ0
)q ′−2
. (16)
From this, the “new,” corrected magnification can be imme-
diately calculated via Equations (3)–(6), inputting q ′ and Σ′
instead of q and Σ, respectively.
This result is discussed further in Section 3.
3. DISCUSSION AND CONCLUSIONS
In Section 2, we demonstrated the known degeneracy between
a mass-model density profile and the cosmological parameters.
We have shown that by approximating the resulting mass
profile with a known analytic form, the said degeneracy can
in turn be used to self-consistently rescale the magnification
estimate of a lensed SN with the cosmological parameters. The
approximation we showed is useful since it does not require
remaking the usually complex lens model for each set of
cosmological parameters probed; doing so would be a hard and
time consuming task (an order of hours on current machinery
for each full-minimization iteration). Instead, one could use
the above quick-to-calculate relation to readily obtain the SN
magnification as a function of cosmology given the initial mass
model and the assumed fiducial set of cosmological parameters.
However, since the suggested correction is itself model-
dependent, it may instead be useful to simply account for the
systematic uncertainty entailed by ignoring the cosmology as-
sumed for the lens model. To estimate the magnitude of this
bias so that instead of using the above approximation, lensed
SNe could be fitted for while not underestimating the uncertain-
ties on their demagnified luminosities, one should examine the
susceptibility of the magnification estimate to the cosmological
parameters. This is shown in Figures 1–3, where we also give
further explicit details. In Figure 1, we plot the ratio between the
magnification given a set of cosmological parameters used to
construct the mass model and the magnification obtained with
the “true” cosmological parameters for different configurations
as a function of cluster redshift. Figure 2 shows the same effect
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Figure 2. Same as Figure 1, now showing the magnitude of the effect as a function of the magnified SN redshift for various configurations. The top panel shows
a case where the SN is well outside the Einstein radius. As in Figure 1, assuming a cosmology for the lens modeling that is only ∼10% different from the “true”
underlying cosmology typically results in a minor, few-percent bias. More extreme cosmology differences can yield significant systematic errors of about ∼20% in
the cases probed here. The bottom panel case shows that if the SN is closer to the center or near the narrow critical curves more explicitly, the effect can be much
larger, reaching hundreds of percent. More importantly, the bias can reach up to ∼50% (depending on the cosmology difference) for higher redshift SNe, especially if
they are within the critical curves for that redshift. Note that, in this figure, the ratio of exponents of the “modified” and “true” cosmology mass models (top x-axis) is
constant because, as expected, the shape of the lens is not affected by the SN position or redshift.
(A color version of this figure is available in the online journal.)
as in Figure 1, now as a function of SN redshift, and Figure 3
shows the same as a function of the difference between the
underlying cosmology and that assumed for the mass model.
The magnitude of the bias clearly changes as a function of the
observables (e.g., Einstein radii and source redshifts, SN posi-
tion), cluster, and SN redshift, and the difference between the
cosmology assumed for the mass model and the “true” cosmol-
ogy. As seen, the magnitude of the bias created per lensed SN
is typically of an order of a few percent, especially if the SN is
observed at a larger angle, far enough from the Einstein ring,
although some configurations can yield a bias of up to a few
dozen percent or higher, especially for lower-z clusters, or if the
SN is close to the center (or to the critical curves). This shows
that the effect in question can, in principle, be significant.
If the mass model was, as is often the case, constructed
with cosmological parameters ∼10% away from the “true”
parameters, the effect is typically less than ∼1% and thus
rendered negligible. If the difference between the assumed
cosmology and the true one is higher, the bias can be as
significant as ∼20% per SN.
In that respect, for comparison, we also mention that typical
modeling errors of current high-end lens models (for a fixed
cosmology) are of the order of ∼15%–20% on the magnifica-
tion in most of the region of interest (i.e., not too close to the
critical curves), and systematic errors between different param-
eterizations are typically of the same order. The bias we discuss
in this work, as mentioned, is in most cases smaller but still sig-
nificant even in light of the non-negligible errors on the deduced
magnification when a fixed cosmology is assumed. In the era of
precision cosmology and with the numbers of SNe expected to
be uncovered at higher redshifts, one should use these correc-
tions so as not to create (even a small) bias, or alternatively, one
should take into account the estimated systematic uncertainties.
We also note that another alternative would be making the mass
model while allowing the cosmological parameters to be free,
thus marginalizing over their effect on the magnification, which
would be reflected in the quoted errors.
To test how the cosmology affects real cluster lens models, we
chose one CLASH cluster with two spectroscopically measured
multiply imaged galaxies at z 
 1.5 and z 
 3 (all CLASH
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Figure 3. Same as Figures 1 and 2, but now fixing the lens configuration and changing the “true” underlying (flat-universe) cosmology, whereas the cosmology used
for constructing the model is unchanged. As expected, the bias vanishes (μmodel/μreal reaches unity) when the model and true cosmologies are similar and is maximal
when the cosmologies significantly differ. Also note that, due to inherent degeneracy in the dependence of the magnification on the cosmological parameters, there
can be other cosmologies that occasionally yield similar magnification values (and, thus, zero bias, μmodel/μreal = 1).
(A color version of this figure is available in the online journal.)
mass models will soon be published in A. Zitrin et al. (2014, in
preparation), including the multiple images and exact redshifts).
We then constructed two SL models for this cluster, using the
lens modeling code described in Zitrin et al. (2013a, 2013b),
which includes realistic representations for both the cluster lens
galaxies and the DM. For our purposes here, the first model
is constructed using [Ωm = 0.3, ΩΛ = 0.7], and the second
is constructed using a very distinct flat-universe cosmology,
[Ωm = 1, ΩΛ = 0]. The different cosmologies, in practice,
translate to a ∼15% difference in the effective, relative lensing
distances. We then examined the resulting magnification maps in
the 2×2 arcmin central filed of view (FOV) around the brightest
cluster galaxy. We find that with respect to the [Ωm = 0.3,
ΩΛ = 0.7] model, the magnifications of the second, [Ωm = 1,
ΩΛ = 0] model, deviate by 17.3% on average throughout this
FOV, and by a median of 1.9%. These values increase as the FOV
shrinks toward the SL regime, and the median reaches ∼8% in
the central 1×1 arcmin field, which corresponds roughly to
the SL regime of this test cluster. We take this median value
as the more representative one (the mean here is much higher
than the median because of the diverging critical curves), and
conclude that in the SL regime, close to a (median value of)
∼10% bias in the magnification can be induced if the wrong
cosmology is used. We note, however, that in this paper we focus
on introducing the bias and assessing its order of magnitude,
showing that in principle, it can be significant and should be
taken into account. A more thorough estimate of the bias in real
clusters, also including, for example, realistic SN distributions
in redshift convolved with lensing models and a general cluster
mass function, should be performed elsewhere.
We make an additional effort to examine how the possible
bias on individual, lensed SNe, shown in Figures 1–3, propa-
gates into the cosmological fit for a Union2.1-like sample. For
that purpose we downloaded the Union2.1 sample7 and reran a
cosmological fit to their data, starting by fitting the original data
including the 580 SNe listed therein, and then supplementing
it with increasing numbers of magnified SNe. For each mini-
mization, we run a simple Markov Chain Monte Carlo with a
Metropolis–Hastings algorithm to obtain the best fit. Note that
the minimization or best-fit criterion we use here is a simple χ2
7 http://supernova.lbl.gov/Union/
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defined as:
χ2 =
∑
SNe
μB − μB,fit
σ 2err
, (17)
where μB and μB,fit are8 the observed distance modulus, and
the distance modulus predicted by the fit, respectively, and σerr
is the error specified in the Union2.1 table available online. As a
first test, the best-fit values for the original sample we obtain are
Ωm = 0.2776+0.1421−0.1032 and w = −1.0005+0.1951−0.4521 (1σ errors). The
best-fit values are in excellent agreement with those published
in Suzuki et al. (2012), e.g., w = −1.001+0.348−0.398, albeit the errors
are somewhat different, probably due to the difference in the
χ2 definition and the inclusion of other systematics therein.
Here, however, we only need to work in our self-consistent
frame-of-reference to check the effect of including magnified
SNe in the fit on the resulting cosmological parameters. We
note that the errors in the following scenarios we probe are all
similar throughout and we shall only focus on the difference
between the best-fit values themselves unless otherwise stated.
After the initial fit we run to the original Union2.1 sample,
we then plant SNe drawn from a uniform distribution between
z = 0.5 and up to either z = 1.5, z = 2, z = 3, or
z = 5, for the different scenarios we consider (as mentioned,
lensed SNe should, in principle, be observed to higher redshifts
than field SNe). The SNe are planted following a distance
modulus–redshift relation with the best-fit parameters from the
initial fit to the full sample, with a random Gaussian scatter of
σ = 0.15, and a random Gaussian error-scatter of 1% + σerr,
with σerr = abs(0.3), in their distance moduli. The luminosity
bias propagated per demagnified SNe is taken as 5%, 10%, or
20%, for the different scenarios we examine here. Examples of
real+mock distance modulus versus redshift relations are seen
in Figure 4.
The propagated bias on the overall fit turns out to be non-
negligible, even with relatively small numbers of lensed SNe.
Ten mock lensed SNe with a 10% bias on the demagnified
luminosity of each, for example, drawn from a distribution as
described above up to z = 2, create a shift (or bias) of 
5%
and 
3% on the best fit Ωm and w, respectively. Increasing the
redshift upper limit to z = 3 brings the overall bias to 
13% and

7%, respectively. When increasing the bias on each individual
SNe demagnified luminosity to 20%, the z < 1.5 sample yields
a bias of 
7% and 
3% on the best fit Ωm and w, respectively,
and the z < 3 sample yields a bias of 
15% and 
8% on the two
parameters, respectively. Decreasing the number of lensed SNe
to as few as five, or lowering the individual bias to 5%, reduces
the overall bias by a few times, but tripling the number of lensed
SNe to 30 up to z = 3 can reach a large bias of 
25% and 
13%
on the two parameters, respectively. Although in most probed
cases the resulting bias is <1σ , some configurations yield biases
that can be more significant, increasing with the individual bias
on the demagnification factor, the number of lensed SNe, and
their redshift.
As a final consistency check, we run two additional mini-
mization chains while planting 20 higher-redshift SNe up to
z = 5 following our initial fit to the original Union2.1 sample.
The first case includes unbiased SNe, and the second case in-
cludes SNe biased by ∼10% as above. The first chain results,
as expected, in cosmological parameters (Ωm and w) identical
to those obtained by the fit to the original Union2.1 sample, but
8 Note that, here, μB are the distance moduli, while throughout, the lensing
magnification is also marked as μ (i.e., without the capital “B”), following
traditional notation.
with errors lower by ∼15%–20%, indicating, as expected, that
including higher-redshift SNe improves the constraints on the
cosmological parameters. In the second chain, we work on the
sample containing the ∼10% biased mock SNe, but now take
into account this additional systematic uncertainty in the fit,
increasing the errors on the planted SNe, correspondingly to
include the ∼10% uncertainty originating from the bias. We do
this in order to examine, briefly, if including magnified (i.e.,
possibly biased) SNe in the fit is worthwhile. We find that the
cosmological parameters are reproduced with a >99.99% accu-
racy, and the errors on them remain the same as for the original
Union2.1 sample (but not smaller, despite including higher-
redshift galaxies). This indicates that it is indeed worthwhile to
include magnified SNe in the fit if the possible bias discussed
in this work is accounted for as an additional error on their
magnitude or distance modulus, so the resulting cosmological
parameters will indeed remain unbiased.
Since our goal here was simply to introduce the effect of
the cosmological parameters assumed for constructing the mass
model on the measured magnification, assess its order of mag-
nitude, and show how it can be corrected for when fitting for
the cosmological parameters, we illustrated one simple example
using an idealized parameterization of a (circularly symmetric
cluster) power-law mass profile to rescale the magnification with
cosmology. Clearly, this power-law approximation cannot per-
fectly describe the usually more complex mass profile and thus,
in practice, can create its own model-dependent bias (although
we know from previous analyses that the approximation is rea-
sonable for the inner SL region, e.g., Broadhurst et al. 2005;
Zitrin et al. 2009). Other analytic or more flexible parameteri-
zations, which may be better fitted per cluster, can be developed
in future studies. To estimate the dependence of the magnifi-
cation on the cosmological parameters more generally, these
can include, for example, non-parametric (free-form mass pro-
file) methods marginalizing over the cosmological parameters
or a Taylor expansion of the magnification in the cosmological
parameters.
The rate of SNe behind clusters, as mentioned, was examined
previously in various works (e.g., Sullivan et al. 2000; Barbary
et al. 2012; Goobar et al. 2009; Riehm et al. 2011; Postman et al.
2012; Li et al. 2012; Salzano et al. 2013; Quartin et al. 2014;
Graur et al. 2014), and we gather that an order of magnitude
of a few Type Ia SNe within the HST’s FOV are expected per
observed cluster with a typical depth of, say, ∼27 AB spread
over a few years with ∼weekly to monthly visits. However, as
these are very crude numbers and depend exhaustively on the
observational plan and lensing strength, we refer the reader to
the works mentioned above for specific details. In our work here,
we merely introduce and characterize the bias in question and
do not attempt to assess its realistic distribution in the universe,
following, for example, SN luminosity functions convolved with
realistic mass models and a cluster mass function. We leave such
estimates for future studies.
Lastly, one should also comment on the weak-lensing regime
in which the magnification is typically small, approaching 
1
in the outskirts of the cluster. Despite the smaller magnifica-
tion, the significantly larger area covered by the weak-lensing
regime (i.e., out to the virial radius and beyond) is advanta-
geous and large numbers of slightly magnified SNe might be
uncovered to further reduce the statistical errors and form a use-
ful representative sample, which could make use of corrections
similar to those outlined here, albeit these are expected to be
correspondingly smaller.
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(b) 10 SNe, 10% luminosity bias per delensed SN, z < 3
0 0.5 1 1.5 2 2.5 3
32
34
36
38
40
42
44
46
48
50
Redshift
D
ist
an
ce
 M
od
ul
us
 
 
Union2.1
Ω
m
=0.2776, w=−1.0005
Mock
Ω
m
=0.2420, w=−0.9291
(c) 5 SNe, 10% luminosity bias per delensed SN, z < 3
0 0.5 1 1.5 2 2.5 3
32
34
36
38
40
42
44
46
48
50
Redshift
D
ist
an
ce
 M
od
ul
us
 
 
Union2.1
Ω
m
=0.2776, w=−1.0005
Mock
Ω
m
=0.2717, w=−0.9884
(d) 5 SNe, 20% luminosity bias per delensed SN, z < 3
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(e) 10 SNe, 5% luminosity bias per delensed SN, z < 5
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(f) 30 SNe, 10% luminosity bias per delensed SN, z < 3
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Figure 4. Effect of the demagnified luminosity bias discussed in this work on the overall cosmological fit to the Union2.1 sample when supplemented with (de)lensed
SNe. This figure shows different examples of mock, lensed Type Ia SNe (red error-bars), on top of the Union2.1 sample (blue error bars). The mock SNe imitate
observed, magnified SNe, demagnified back to their unlensed luminosities with a magnification factor biased by the amount specified in each subfigure. This luminosity
bias can be created if one neglects the cosmology assumed for the lens model (see Figures 1–3). The solid black lines show our fit to the original Union2.1 sample
and the magenta dash-dotted lines show the fit to the entire sample including the mock SNe. The corresponding best-fit values, assuming a flat universe and a fixed
equation of state parameter, are shown in the legends and demonstrate the overall bias created. For each subfigure, we also specify some input restrictions used for
generating the mock catalogs (see Section 3 for more details).
(A color version of this figure is available in the online journal.)
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4. SUMMARY
A cluster mass model constructed from various sets of
multiple images can be used to estimate the magnification at
the position where a highly magnified Type Ia SN is seen. If
the demagnified SN brightness were then to be used as part
of a sample fitted to constrain the cosmological parameters, to
avoid a bias originating from the cosmology assumed for the
lens model, the latter should be accounted for. We showed that,
in principle, this can be done in a simple and elegant way by
approximating the resulting mass profile with a known analytic
form.
More importantly, and especially since such a correction is,
by itself, model-dependent, we quantified the effect of ignoring
the cosmology assumed for the lens model, on the magnification
estimate of lensed SNe. We have found that a systematic error of
typically a few percent, up to a few dozen percent, per magnified
SN, can be propagated onto a cosmological parameter fit unless
the cosmology assumed for the mass model is taken into account.
In some specific cases, the bias can be even larger, for example,
if the SN is lying very near the critical curves.
We then simulated how such a bias per SN propagates onto
the cosmological parameter fit using the Union2.1 sample when
supplemented with strongly magnified SNe. The resulting bias
turns out to be non-negligible. We found that the bias on the
deduced cosmological parameters is generally of the order of a
few percent, if only a few biased SNe are included, increasing
with the number of lensed SNe, their redshift, and the original
bias from the lens model. Ultimately, we verified that the
cosmological parameters are indeed accurately reproduced, if
the bias on each magnified SNe is taken into account in the fit.
Several SNe magnified by galaxy clusters are already in hand
(e.g., Amanullah et al. 2011) or anticipated to be uncovered
soon: several magnified Type Ia SNe were used in the Union2.1
compilation (Suzuki et al. 2012), are expected to be found in
or have been recently found in the CLASH (Postman et al.
2012; Salzano et al. 2013; Patel et al. 2014; Whalen et al. 2013;
see also Graur et al. 2014) and Frontier Fields programs, and
many more are expected to be found in the near future with,
for example, the James Webb Space Telescope (e.g., Pan &
Loeb 2013). Given the leap in strong-lens modeling accuracy
in recent years, we conclude that the effect calculated here
should be readily taken into account with existing and upcoming
data to take proper advantage of magnified SNe when they
are used to constrain cosmological parameters. In addition, the
magnitude of the effect investigated here can be useful for related
purposes such as estimating the additional error on the derived
magnification of lensed high-z galaxies originating from the
choice of cosmological parameters used for the lens model.
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